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1  Find the acute angle between the skew lines

x+3 y-2 z-4 x-5 y—-1 2+3
1 and 2 T 3 1.

2 The tables shown below are the operation tables for two isomorphic groups G and H.

G| a b ¢ d H| 2 4 6 8
ald a b c¢ 214 8 2 6
bla b ¢ d 418 6 4 2
c| b ¢ d a 6|2 4 6 8

c d a b 8, 6 2 8 4

(i) For each group, state the identity element and list the elements of any proper subgroups.

(ii) Establish the isomorphism between G and H by showing which elements correspond.

3 (i) By using the substitution y° = z, find the general solution of the differential equation
d -
3yzay + 2xy3 =e xz,

giving y in terms of x in your answer.

(ii) Describe the behaviour of y as x — oo.

4 (i) By expressing cos 6 and sin 8 in terms of ¢'® and e71%, or otherwise, show that

cos?@sin*@ = ;—z(cos 60 -~ 2cos40 —cos20 +2).

(ii) Hence find the exact value of

31[
j cos?@sin* 6d6.
0

5 (i) Solve the equation z* = 64(cos 7 + i sin ), giving your answers in polar form.

(ii) By writing your answers to part (i) in the form x + iy, find the four linear factors of 2t + 64.

(iii) Hence, or otherwise, express z* + 64 as the product of two real quadratic factors.
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G F
D M E
2k
9 B
0* 2 4

. _—-) . _—_) . - - 0
The cuboid OABCDEF GG shown in the diagram has 52 =4i,0C =j, OD =2k, and M is the mid-point
of DE.

(i) Find a vector perpendicular to 1\73’ and 5?’ [3]
(ii) Find the cartesian equations of the planes CM G and OEG. [5]

(iii) Find an equation of the line of intersection of the planes CM'G and OEG, giving your answer in
the formr = a + tb. [3]

A group G has an element a with order n, so that a" = e, where e is the identity. It is given that x is
any element of G distinct from a and e.

(i) Prove that the order of x™'ax is n, making it clear which group property is used at each stage of
your proof. ' [6]

(ii) Express the inverse of x"'ax in terms of some or all of x, x™!, @ and a™!, showing sufficient
working to justify your answer. [3]

(iii) It is now given that a commutes with every element of G. Prove that a”! also commutes with
every element. (2]

(i) Find the general solution of the differential equation

2
I o ax=o,
dr? dr

where k is a real constant, in each of the following cases.

(@) |k|>2
(b) |kl <2
() k=2
(8]
(ii) (a) In the case when k = 1, find the solution for which x = 0 and @ =6 whent =0. 4]
(b) Describe what happens to x as ¢ — oo in this case, justifying your answer. [2]

4727/Jan06




4727

Mark Scheme

January 2006

1 Directions [1,1,~1] and [2,-3,1]}

cos”] L, -11.12,-3,1]

0= N
=c s"l-l——2|
*® Uz

= 72.0°,72°or 1.26 rad

Bl

M1

For identifying both directions
(may be implied by working)

For using scalar product of their direction

vectors

For completely correct process for their
angle
For correct answer

2 (i) Identities b, 6
Subgroups {b, d}, {6, 4}

For correct identities
For correct subgroups

(i) {a, b, c, d} © {2, 6,8,4} or {8,6,2,4)

For b6, d o4
For a,c ¢ 2,8 in either order

SR If B0 BO B0 then M1- A1 may be awarded
for stating the orders of all elements in G and
H

. dy dz
3 (i) 3y? ay =5 M1 For differentiating substitution

dz —x . L.
= E+ 2xz=¢ Al For resulting equation in z and x
Integrating factor (eI 2 =)ex2 BIV | For correct IF

f.t. for an equation in suitable form

d x? d 3 _x? _ .

= E(ZC ) OR a(y e )—1 M1 For using IF correctly
2 2
= ze* OR y’¢* =x(+c) Al For correct integration (+c not required here)
1,2

= y=(x+ c)% e 3 Al 6 | For correct answer AEF
(ii)As x >0, y—>0 Bl 1 | For correct statement

4 (i) cosB= %(elﬂ + e-.e),
sin@ = %(eie —.e)
=cos20sin*0= %(eie te ,e) %(e'e o )4

=%(e2i9 +2+e'2i9)'7'g(e4i9 46210 4 g_4c20 +e-4i9)

811 «esie + e—6ie)_2(e4ie + e-4ie)_(e2i9 + e-2ie) + 4)

= 3'5(00566 -2cos40-cos20+2) AG

M1
Al
Al

Ml
Al

For either expression, seen or implied
z may be used for ¢*® throughout

For expanding terms
For the 2 correct expansions
SR Allow A1l A0 for

k(e2i9 +2+e—2i0)(e4i9 _4e20 4 64720 +e—4i6)’ k# 6_14'

For grouping terms and using multiple angles

For answer obtained correctly
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(ii) L}Kcosz 9sin0do =

. . . in Ml For integrating answer to (i)
=11 -1 ~1 3
2 [6 sin 60 -7 sin46-7sin 20+ 29]0 Al For all terms correct
=§'§[0+% ‘zl‘/g"'%"‘o:l:Zli“ Al 3 | For correct answer
5 @) B1 For correct modulus AEF
EITHER
z=~8¢cisRk+DZ, k=0,1,2,3
OR z=+/8 R ,k=0,1,2,3 Bl 2 | For correct arguments AEF
(ii)
O - 15 P U YU TP B SO NN O N O R
z=22 J5+J§" J§+JE" 5 AL B1 Foranyof_ﬁ_ﬁl
z=2+2i,-2+2i,-2-2i,2-2i Bl For any one value of z correct
Bl For all values of z correct AEFcartesian
' (may be implied from symmetry or factors)
(z-a),(z-B),(z-7),(z-9) B1V4 | fit, where o,B,y,5 are answers above
(iii) EITHER (z-(2+2i))(z—(2-21)) Ml For combining factors from (ii) in pairs
x (z—(=2+2))z~(-2-21)) Ml Use of complex conjugate pairs
= (z2 +4z+ 8)(z2 -4z+38) Al For correct answer
OR z*+64= (2% +az+b)(z* +cz+d) M1 For equating coefficients
=a+c=0,b+tac+d=0,ad+bc=0,bd =64 | Ml For solving equations
Obtain (22 +4z +8)(z% —4z+38) Al 3 | For correct answer
6 (i) MB=[2,1,-2], OF =[4,1,2] Bl For either vector correct (allow multiples)
MB x OF Mi For finding vector product of their MB and
OF
=[4,-12,-2]) OR k[2, -6, 1]} Al 3 | For correct vector
(ii) EITHER Find vector product of any
two of +2,-1,21, #0,0,2], M1 For finding two relevant vector products
#2,-1,0]
and any two of
+[4,0, 2], £[4,-1,0], 40,1,2]
Obtain k[1, 2, 0] Al For correct LHS of plane CMG
Obtain k[, 4, -2] Al For correct LHS of plane OEG
M1 For substituting a point into each equation
x+2y=2 and x+4y-2z=0 Al For both equations correct AEF
01? Use av+by+cz=d with M1 For use of cartesian equation of plane
coordinates
of C, M, G OR O, E, G substituted
Obtain a:b:c=1:2:0 for CMG Al For correct ratio
Obtain a:b:c=1:4:-2 for OEG Al For correct ratio
M1 For substituting a point into each equation
x+2y=2and x+4y-2z=0 Al 5§ | For both equations correct AEF
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(iii) EITHER Putx, y OR z =t in planes

For solving plane equations in terms of a

OR evaluate k[1,2,0] x k[1, 4, -2] Ml parameter OR for finding vector product of
normals to planes from (ii)
Obtain r =a+rb where
a=[0,1,2],{2,0,1] OR{4,-1,0] Al Obtain a correct point AEF
b=k[-211] Al 3 | Obtain correct direction AEF
[11]
7 () ¢ lax)” =(xlax)xlax)...(xNax) M1 For considering powers of x ax
=x"laa...ax, associativity, xx' =e | A1 A1 | For using associativity and inverse
properties
=xla"x=x"lexwhenm=n, B1 For using order of a correctly
notm<n
=x"x A1 For using property of identity
=e = ordern A1 6 | For correct conclusion
(W)EITHER (x'ax)z=e¢ M1 For attempt to solve for z AEF
Saoz=xe=x = xz=ax A1 For using pre- or post multiplication
=z=x"la"lx A1 For correct answer
OR Use (pg) ' =¢7'p7!
(pqzl ?1 ‘i 4 M1 For applying inverse of a product of
OR(pgry" =r"q"'p elements
State (x"y!=x A1 For stating this property
Obtain x1a7!x A1 3 | For correct answer with no incorrect
working
SR correct answer with no working
scores B1 only
(iii) ax=xa = x=a'xa M1 Start from commutative property for ax
=xal=alx A1 2 | Obtain commutative property for a~'x
[11]
8 (i) m*+2km+4=0 M1 For stating and attempting to solve
auxiliary eqn
—m=—k+\Vk? -4 A1 2 | For correct solutions, at any stage AEF
(@) x=e* ( PREETN Be-Jk2-4:) M1 For using " with distinct real roots of
A1 2 [ auxeqn
For correct answer AEF
(b) x= e-kt[ PRSI 44%) M1 For using e with complex roots of aux
egn
This form may not be seen explicitly but
if stated as final answer earns M1 AO
x=e M ( A'cos\a—k? t+ B'sinVa—k? t) A1 2 | For correct answer
OR x=¢™ (C' 2?3(44 k4 a)]
(€) x =2 (4" + B") M1 For using eX?with equal roots of aux eqn
A1 2 | For correct answer. Allow k for 2
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(ii)(a) x = B’ sin V3¢ B1V | Forusing r=0,x=0 correctly. f.t. from
M1 :zb) diff t
o ] or differentiating x
i=B'e”! (*/5 cos /3¢ ~sin ‘/5’) A1+ | For correct expression. f.t. from their x
1=0,%=6 = B'=2J3, x=23¢"'sin/3¢ | A1 4 | For correct solution AEF
SR V and AEF OK for
x=C'e" cos(\/it +%n)
(b) x>0 B1 For correct statement
e — 0 and sin( ) is bounded B1 2 | For both statements
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